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It is shown that every separable Banach space X containing a subspace 
isomorphic to c, has a subspace Y with basis such that X/Y-c,,/C, and the latter 
space has a shrinking basis and an unconditional FDD. Moreover, it is shown that 
X@ C, has a basis if X has the bounded approximation property. 71 1985 Academic 
Press. Inc. 
1. INTRoDUOTI~N 
In the following all Banach spaces are assumed to be separable, Banach 
spaces can be taken over [w as well as over C. We use standard notation 
(cf. [3]). Recall, a Banach space X is said to have the approximation 
property (AP) if for any compact subset Kc X and any E > 0 there is a 
linear finite rank operator T: X -+X with )ITx-xl1 GE for every XEK If 
there is a L 2 1 such that in addition T can always be chosen with 1) TII < A, 
then X has the bounded approximation property (BAP). {xk}Fz i c X is a 
basis of X if any XE X has a unique representation of the form 
x = CF=, &xk. The number supn llP,ll, where P,,(Cr= i Lkxk) = Cl =, ;Ikxk 
for all &, is called the basis constant of (x~). (xk) is called shrinking if (x,*), 
where 
i = k, 
i#k, 
is a basis of X*. 
Our considerations concentrate on c0 and C,. Recall that C, = 
cc= 10 En),,,. Here, E,, is a sequence of finite dimensional Banach spaces 
such that for any E > 0 and any finite dimensional Banach space E there is 
n E N with d(E, E,) < 1 + E, where d(+, .) denotes the Banach Mazur distance 
between two Banach spaces. It is well known that C, has a basis Cl, 51. 
We may take all E, to be subspaces of suitable I”,-spaces, hence C, may be 
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regarded as subspace of c,,. Then, clearly, c,/C, is of the form (C @ F,),,, 
for some finite dimensional Banach spaces F,, i.e., c,/C, has an uncon- 
ditional finite dimensional Schauder decomposition (FDD). Moreover, 
c,/C, has a (shrinking) basis (Proposition 2.1). Note that c,/C, does not 
depend on the position of C, in cO, because, if V and W are subspaces of 
c,, and V- W, then c,,/VwcO/W [3, Theorem 2.f.101. 
It is well known that every infinite dimensional Banach space X has an 
infinite dimensional subspace Y with basis [3]. It seems natural to ask how 
“large” Y can be made in terms of the “smallness” of the quotient space 
X/Y. On the other hand it is known that, in case X is separable, there is an 
infinite dimensional quotient space X/Z with basis [3]. It is an open 
question whether Yc X can be chosen with basis so that simultaneously 
X/Y has a basis [3, Problem l.b.101. This turns out to be true if X contains 
an isomorphic copy of cO. In this case more can be said about Y and X/Y. 
THEOREM I. Any separable Banach space X containing cO has a subspace 
Y with basis such that the following hold: 
(i) X/Y-c&,. 
(ii) There is a quotient map P: Y + X with Ker P-C,. 
If X has the BAP, then it is natural to ask how “closely” X is related to a 
space with basis. It is well known [2,4] that in this case X is comple- 
mented in a space Y with basis. Actually, the complement of X in Y can be 
taken to be small. 
THEOREM II. Zf X is a separable Banach space with the BAP, then 
X0 C, has a basis. 
This gives a positive answer to a question raised by Johnson for the case 
p= cc [l; 5, Problem 14.21. 
2. THE BANACH SPACE co/C, 
We want to show that c,/C, has a basis. To this end we need a lemma 
which seems to be essentially known, for completeness we include a proof. 
LEMMA 2.1. Any basic sequence in an I”,-space with basis constant d ,I is 
a subsequence of a basis of some I”!-space with basis constant <A + 6L2. 
Proof Let E be a subspace of I”, and let x1 ,..., x, be a basis of E with 
basis constant <1, r = dim E. Denote by Pi, i= l,..., r, the natural projec- 
tions with respect to this basis. Put d = lJ;= i P*(ex B(E*)), where 
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ex B(E*) is the extreme point set of the unit ball B(E*) of E* and P* is the 
adjoint operator with respect to Pi. We have 11 P*II < A for all i. For each 
x* E r;“i put a(~*) = IIx*ll if IIx*ll > 1 and CI(X*) = 1 else. Define 
D = {x*/rx(x*) 1 x* E a}. Sz and s”i are finite since B(E*) was supposed to 
be a polyhedron. Put G&1,(52) and regard E as a subspace of G 
(evaluation). Define an isomorphism T: G + l,(d) by 
(Tg)(x*) = a@*) gb*W*)X x*d, gEG. 
Then we have 1) TI/ < 1 and /IT- ’ I/ < 1. Define Q: G -+ G, i = l,..., Y, by 
(Q,g)(x*/a(x*)) = (a(P*x*)/a(x*)).g(P,*x*/a(PTx*)), x* ~0. Then Qi 
is a projection, l/Q,// ~1, Qi. Q,= Qmin(ij) and QilE= Pi. Moreover, 
T(Q,-Q,-,)(G)zl,,(P,* ex B(E*)\P,*_, ex B(E*)), i= I,..., Y (Q,=O). 
Pick I* E P,f+ ex B(E*) with x*(x;) = 1 and let e, = x;, ei, ,..., e, be a basis 
of (Q, - Q, _ ,) G with basis constant 631. This is possible if we choose e. 
such that (Te,)(.u*) = 0, j = I,..., ri. Then clearly e,, i = l,..., r, j = 0, l,..., ri, 
(lexicographical order) is a basis of G with basis constant <A + 6A*. m 
COROLLARY 2.2. c,/C, has a shrinking basis. 
Proof: Let C, = (C 0 E,),,, such that the E, are subspaces of Z’!J- 
spaces. It is well known that, given a finite dimensional Banach space E 
and E > 0, there is a finite dimensional Banach space F such that (EO F),,) 
has a basis with basis constant 64 + E [4, 51. 
Using the fact that the E, are dense in the finite dimensional Banach 
spaces we can, for each E,, find E,, such that (E, 0 E,)(,, has a basis 
with basis constant <5. Hence it is no loss of generality to assume that all 
the E, have bases with basis constant ~5. Let G,I> E,, be an I”,-space which 
has a basis with basis constant 6155 which contains the basis of E, as a 
subsequence (Lemma 2.1). The natural projections with respect to this 
basis in G, leave E,, invariant. Hence G,/E, has a basis with basis constant 
6155. Since co/C, = (C 0 G,),,,/(C 0 En),,, = (C 0 G,/E,jco, we obtain 
that c,,/C, has a (shrinking) basis. 1 
LEMMA 2.3. Let F,, be sequence of quotients of I”,-spaces. Then 
(C 0 Fd,,, is isomorphic to a complemented subspace of c,, /C,= . 
Proof: Put F,, = GJE,, where G, are I”,-spaces. By definition of C,, 
F” En)(o) 
is isomorphic to a complemented subspace of C,. Hence 
uc, N (C @ E,)o, 0 C,. We obtain that (C @ G,/E,)(,, is complemented in 
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3. THE BASIC CONSTRUCTION 
At first we describe the basic construction which is needed in the proof of 
both theorems. To this end let X be a Banach space and let (E,) be an 
increasing sequence of finite dimensional subspaces of X such that 
x= yE,. Put 
Z = ((x,) 1 x, E E, for each n and x, converges to 0 in X} 
= ~@E,, 
( ) d 
I’= {(x,) ( x, E E,, for each II and x, converges in X}. 
(We consider the norm II(x =supn 11x,\\.) Define Q: Y-+X by 
Q(x,) = lim, x,. We easily obtain 
LEMMA 3.1. Q is a quotient map and ker Q = Z. 
LEMMA 3.2. Y has a monotone FDD (H,) so that, for each n, H, is 
isometric to E,. 
Proof: Define H,,= ((0 ,..., 0, x,x ,...)I XEE,} l 
--rnc 
LEMMA 3.3. Zf X has the BAP, then Z is complemented in Y and Y is 
isomorphic to X@ 2. 
Proof. The BAP yields a sequence of linear operators (S,) on X and 
integers 1 = n, < n2 . ..such that S,=O, Skx=x for all xEEak, S$CCE,~+, 
for all k and lim, S,x = x for all XE X. Let A = supk /Sk\\. For (x,)E Y 
define T(x,) = (y,), where yi = xi - S, _ i Q(xJ if nk < i < nk + i. Then 
TY= Z and T,,= id, hence T is a bounded projection (we have 
I(T(( ,< 1 + A). By Lemma 3.1, since QY= X, Y = ker T@Z= 
ker TOker Q-XOZ. 1 
4. PROOF OF THEOREM II 
We need a lemma which is well known and can be proved even under 
weaker assumptions. For completeness we include a proof. 
LEMMA 4.1. Let X be a separable Banach space containing c,,. Then there 
is a sequence E,c E2 c . .a, of finite dimensional subspaces of X and a Iz 2 1 
such that X = U E, and each E, has a basis with basis constant <A. 
Proof: Let {xy, xi,...) b e a d ense countable subset of the unit ball of X, 
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B(X). Put E, = (0). Assume we have defined already E, c E, c . . . c E, c 
(X0 (C;= I @ I~~)(~o))(ocj for some mk and countable dense subsets 
1 xf,xi )... } of E(Xk), Xk=(Xo(c~=,ol”,l),,,),,,, k=l)...) n. Let 
E=span({x{ 1 j, i= l,..., n} u E,). We find Fc I:+’ such that 
E n+ 1 = (EOF)cm,) h as a basis with basis constant 65 [4, 5-J. Put 
X n+1= (x?loc2+‘),cn, and take a countable dense subsequence of 
B(Xn+,). 
We obtain an increasing sequence of finite dimensional subspaces E,,of 
mc,, each E, has a basis with basis constant 65, and we have 
U E, = X@ cO. On the other hand X-X@ c,, since X contains a subspace 
isomorphic to c0 which must be complemented in X ([3] ). 1 
4.2. Conclusion of the Proof of Theorem II 
We can assume that X contains a copy of c0 since c,, is a complemented 
subspace of C, and hence X@ C,, -X@cO@ C,. Take Ek c X as in 
Lemma 4.1. Then, with the notation of Section 3, Z= (CO E,),,, and 
Y-X@ 2 (Lemma 3.3). By Lemma 3.2, Y has an FDD (29,) and all spaces 
H,r E, have bases with basis constant 61. Hence the union of all these 
bases is a basis of Y [2]. Since (C 0 E,)(,, is isomorphic to a comple- 
mented subspace in C,, , we obtain C, N C, 0 (x 0 E,),,,. We conclude 
that Y @ C., N X@ C,, has a basis since Y and C, have bases. 1 
5. PROOF OF THEOREM I 
We need the following simple lemma: 
LEMMA 5.1. Zf W is a Banach space, Y c W is a closed subspace and P is 
a bounded projection on W with P W= PY, then Wf Y is isomorphic to 
ker P/( Y n ker P). 
Proof Indeed, if o E W, there is YE Y with PO = Py. Hence 
w+ Y=(id-P)(w)-(id-P)(y)+ Y. This implies q(kerP)= W/Y if 
q: W+ W/Y is the quotient map. Hence q,kerP is a quotient map and we 
obtain W/Y is isomorphic to ker P/( Y n ker P). # 
PROPOSITION 5.2. Let X be a separable Banach space which contains a 
copy of cO. Then there is a subspace Y of X with a basis, such that the follow- 
ing hold: 
(i) x/Y= (CO GJcoj, G, are quotients of I”,-spaces for all n E N. 
(ii) There is a quotient map P: X -+ X such that P(Y) =X and 
ker Pn Y= (CO E,&), where E,, are subspaces of I”,-spaces for all n. 
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ProoJ Let E, c X be as in Lemma 4.1. Fix 0 < E < 1 and choose, for 
each n, a finite subset D, c B(X*) such that 
IIXII G (1 + E) sup{ Ix*(x)1 I x* E Dn> for all XE E,. 
Consider F=I,(D,) and let T,,: X+ F, be defined by (T,x)(x*) = 
x*(x), XEX, x*ED,. Then IIT,ll < 1, ll(T,,,)-‘11 < 1 +E. Put U= 
(x,0 F,,)~O,~co. We use the notation of Section 3 and embed Y (construc- 
ted according to Section 3 with the above E,) isomorphically into X@ U 
via the map S, where 
S(x,) = (x, T,(x, - xl). 
Here x = lim, x, = Q(x,). Clearly S is an isomorphism in view of the 
definition of the T,,. Since X contains a copy of c,, X is isomorphic to 
X0 U = X@ co. Let P be the natural projection from X@ U onto X. Then 
P extends QS-‘: SY + X. This yields (ii) if we identify SY with Y and 
A’@ U with X. Indeed, Y, and hence SY, has a basis since Y = C 0 H,,, 
H,, z E,, for all n (Lemma 3.2) and the E,, have bases with uniformly boun- 
ded basis constants. We have ker P= U= (CO F,),,, and SYn ker Pr 
E@EJ,o, -(C@E,,),,, (Lemma 3.1). (i)followsifweapply Lemma 5.1. to 
W=X@ U and SY since then W/SY-ker P/(SYnkerP). Thus 
X/Y- W/SY-(COG,,),,, with G,=F,,IT,,E,. 1 
5.3. Conclusion of the Proof of Theorem I
We choose Y and P: Y -+ X as in Proposition 5.2. Consider X0 co and 
embed C, into co as in Section 2. Then clearly Y@ C, c A’@ co has a 
basis and (X0 co)/( Y@ C,) = X/Y@ co/C,. Since X/Y is isomorphic to a 
complemented subspace of co/C, (Proposition 5.2 and Lemma 2.3) we 
obtain X/Y @ co/C, - co /C, . We extend P, ,, to P: Y 0 C, + X by putting 
B(y+z)=Py, yE Y, ZEC,. Hence P is a quotient map and ker b= 
{yEYIPy=qOC, - C, , since { y E Y I Py = 0 > is isomorphic to a com- 
plemented subspace of C, in view of Proposition 5.2. This proves 
Theorem I with Y@ C, instead of Y and P instead of P. 1 
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